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ABSTRACT
We describe our recent calculation of the dominant late time behavior of the expectation value
of the metric at two loops in a locally de Sitter background on the manifold T
3
 <. If correct,
our result proves that quantum gravitational eects slow the rate of ination by an amount which
becomes non-perturbatively large at late times.





Gravitational loop calculations in non-trivial backgrounds are, as a rule, formidable
projects and the one we are about to describe is no exception. Indeed, being a two-loop
calculation it is considerably more involved than usual. Nonetheless, there is a very good
justication for undertaking it. What we calculated is the expectation value of the invariant





















(t) d~x  d~x : (1:1)
We worked on the manifold T
3


















And we found a decrease in this rate by an amount which becomes non-perturbatively























This may mean that the actual cosmological constant is not unnaturally small and that our
current expansion is the result of a screening eect whose slow onset allows a long period
of ination without the need for new particles or severe ne tuning. In the above, a(t) is
the scale factor of a homogeneous and isotropic background geometry, 
2
 16G is the
loop counting parameter of quantum gravity and 3H
2
  is the bare Hubble constant.
The physical motivation for our choice of manifold and initial state has been described
in detail elsewhere [1]. Briey, it is that our current universe will have begun inating
2
when the local temperature dropped below (=G)
1=4
. Causality suggests that this will
have occurred in a region of about one Hubble volume; the precise choice of the periodic
boundary conditions of T
3
was dictated by convenience. Before the onset of ination,
thermal eects will have disrupted the long range correlations needed to maintain the
screening eect. This is why we start with a locally de Sitter background. The precise
choice of free vacuum was again dictated by convenience, but it is simple to show that
no nite assembly of gravitons can aect the result [1]. Zero temperature quantum eld
theory can be used because thermal eects become negligible after a very few e-foldings of
ination.
We need only account for gravity because any other particle whose phenomenological
viability does not require ne tuning must either be massive or else conformally invariant
on the classical level. The kind of infrared eect we are studying can only come from
a massless particle which feels the dierence between at space and the conformally at
geometry of an inating universe. Finally, we were able to ignore the non-renormalizability
of quantum general relativity because the eect comes from the infrared, specically from
modes whose physical wavelength is about H
 1
at the time that they contribute most
strongly. As long as the scale of ination M  (=G)
1=4














modes from the unknown ultraviolet sector of quantum gravity should have plenty of time
to reach their natural equilibria as they redshift down to scales at which the dynamics is
well described by (1.1).
After this brief introduction we present the computational rules, the dominant dia-
grams at two loops and some basic observations in Section 2. We shall see that the leading
diagrams contain either exclusively 3-point vertices or one 4-point and one 3-point vertex.
3
The rst class of diagrams is analyzed in Section 3 while the second in Section 4. Finally,
we discuss our results in Section 5.
2. Basic Issues
The machinery of perturbation theory on T
3
< and around de Sitter spacetime has












+ d~x  d~x ) ; (2:1)




















































 exp(Ht) [1]. Note that the conformal time u is inverted with respect
to the physical time t. The onset of ination at t = 0 corresponds to u = H
 1
while the
innite future at t = +1 corresponds to u = 0.
Within the small range x  k~x
0
  ~xk and u  u
0
 u that the conformal coordinate






























































































 (x   juj+ i) (x + juj   i). * These propagators possess the
proper at space limit and obey the appropriate Ward identity [2]. The vertices of the
theory are presented in Appendix A.












The perturbative rules for calculating expectation values of operators in eld theory
were developed by Schwinger [3] and have been adapted to our particular problem and
initial conditions in [1]. They are quite similar to the usual rules for computing \in"-
\out" matrix elements since the propagators and vertices utilized are simple variations
of the usual ones. The main idea is to evolve forward from the initial state with the
action functionally integrated over the dummy eld  
(+)

and, then, to evolve back to




. An external line may be chosen to be either \+" or \ " but one does not sum over
both possibilities. Vertices have either all \+" or all \ " lines, and one sums the various
possibilities. The \+" vertices are identical to those of the \in"-\out" formalism, while
the \ " vertices are complex conjugated. Propagators can link elds of either sign. All






(+ +) =) (x   juj+ i) (x+ juj   i) ; (2:5a)
(  +) =) (x  u+ i) (x+u  i) ; (2:5b)
(+  ) =) (x  u  i) (x+u+ i) ; (2:5c)
(   ) =) (x   juj   i) (x+ juj+ i) ; (2:5d)
The two most important properties of the Schwinger \in"-\in" formalism | both due
to the particular interference between the various \+" and \ " contributions | are the
reality of the expectation values of Hermitian operators such as the metric and the causality
which only allows interactions within the past light cone of some observation to aect the
observable.
We shall compute the amputated expectation value of the pseudo-graviton eld in the






























is the pseudo-graviton kinetic operator [1]. By using the manifest symmetries
of the theory and the initial state | homogeneity and isotropy | we have expressed
the expectation value in terms of two functions a(u) and c(u). Although (2.6) is gauge
dependent, it is quite simple to obtain from it a coordinate invariant characterization of
the change the background geometry suers under time evolution. We rst attach the











































The retarded Green's functions subject to the appropriate initial conditions can be obtained












































































































which provides an invariant measure of the expansion rate of spacetime. It becomes ap-
parent from (2.7) that if quantum corrections are to exceed the classical result for H
e
(t),
a(u) and c(u) must grow faster than u
 4
as u! 0. Note that (2.10) is a non-perturbative
formula derived only from the denition (1.2) of H
e
and the general form (2.7a) of the
1-point function.
6
Although quite obvious on physical grounds, one can establish that H
e
(t) is an observ-
able by demonstrating its independence under variations in the choice of gauge. Indeed, a
variation F

of the gauge xing functional (2.3) preserving the manifest spatial rotational























































the change in H
e







(1  Hu) : (2:15)
Now any variation can be decomposed into a part '
0
(u) which vanishes on the initial value
surface and a part '(u) which does not:
'(u) = '
0
(u) + '(u) : (2:16)
The '(u) piece will disturb the conformal coordinate system (2.1) on the initial value
surface. However, the establishment of this coordinate system is part of the measure-
ment process of H
e
(t) and, consequently, '(u) must be compensated to preserve it. The













and | since (2.15) is the same for any  | we have invariance under such transformations:
H
e
(t) = 0 : (2:18)
Hence, H
e
(t) is a genuine invariant observable.
There is no need for an infrared regulator as long as all observables are evaluated at
nite times after the onset of ination (0 < u  H
 1
). To regulate the ultraviolet sector,


































































































  ~x)   k
i
+ (zero mode contributions) ; (2:19c)
There is a similar expression for the ghost propagator and both reduce to (2.4) in the
integral approximation. This regulator eliminates from the initial value data all modes
with coordinate momenta of magnitude bigger than k.
An alternate | but unnatural | way to control the ultraviolet is accomplished by




instead of . This
regulator readjusts itself at every time instant to keep the ultraviolet physical scale constant
as all other distances inate. It does not represent a mode cuto on the initial value
data and, in any case, the dynamics already takes into account the expansion of physical
distances. More to the point, the ultraviolet modes as dened by (2.19) and the modes
responsible for the infrared eect (1.4) are very well separated. The former have the
8
property that  < k
 1
while the latter satisfy u
 1
 k  H | and we must keep in mind
that  u  H
 1
. As a result, the eect described by (1.4) is genuinely infrared and so
is its time dependence. The alternate regulator would introduce spurious time dependence
and, thus, make the identication of the physical one unclear.
All diagrams that contribute to (2.6) in perturbation theory are subject to a maximum
growth of u
 4
times powers of lnHu [1]. The absence of such logarithmic terms means
that the diagram in question cannot provide a quantum infrared contribution to H
e
(t).
The two sources of logarithmic terms are:
(i) Integration over the interaction vertices (A.1-5) of the theory. This is the classic source
of an infrared eect | access to an arbitrarily large volume of spacetime. When calculating
an expectation value, integrating over a vertex involves the invariant volume of the past
lightcone since the relevant formalism is causal. The latter volume exhibits a logarithmic
late physical time growth. In principle, there is a logarithmic enhancement factor for each
free interaction vertex present in a diagram and there are 2`  2 such vertices at ` loops.
(ii) The logarithmic piece of a graviton or ghost propagator (2.4). This source is particular
to de Sitter spacetime and reects the increasing correlation of the vacuum at constant
invariant separation. Again, in principle, there is an enhancement factor for each of the








Fig. 1: One-loop contributions to the background geometry. Gravitons reside on wavy lines and ghosts
on segmented lines.
The rst diagrams that contribute to (2.6) beyond tree order are shown in Fig. 1 and
9
both sources are absent in them. Amputation xes the single interaction vertex at (u; ~x)
and one obtains only the coincidence limit of derivatives of the graviton or ghost propagator
at this point. In fact, the maximum growth we can obtain is u
 2
.




























Fig. 2: Two-loop contributions to the background geometry. Gravitons reside on wavy lines and ghosts
on segmented lines.
Therefore, we must go to the two-loop diagrams of Fig. 2 to identify the rst potentially
infrared relevant graphs. Starting in reverse order, diagram (2f) is ruled out since it lacks
free interaction vertices while diagram (2e) is entirely canceled by the counterterm needed
to renormalize its coincident lower loop. Of the remaining graphs, one free interaction
vertex exists in (2d) and two in (2a-c) whereas | like any two-loop diagram | all four
graphs can have up to one undierentiated propagator.
The latter property follows directly from the structure of the interaction vertices (A.1-
5) whereby all relevant terms have two derivatives acting on dierent elds. * Two typical
cases can be seen in Fig. 3. We have distributed the various vertex derivatives so that
there is one undierentiated propagator | connecting events x and x
0
| in case (3a) but
none in case (3b). It is simply impossible to act the vertex derivatives in a way that leaves
two | or more | propagators undierentiated.




respectively. Consequently, they only survive when contracted into the \normal" part of the propagators
(2.4) which is proportional to u
0
u. The \logarithmic" part of the propagators | which is the relevant part










Fig. 3: In the 4-3 diagram (a) and the generic 3-3-3 diagram (b), solid lines can represent gravitons or
ghosts and the arrows indicate the action of the vertex derivatives.
Our counting indicates that graph (2d) | which we shall call the 4-3 diagram by virtue




(Hu) and graphs (2a-c)




(Hu). It would seem that the latter graphs
dominate in the far infrared. However, it turns out that this is not the case and the 3-3-3
diagrams are on an equal footing with the 4-3 one. The reason is not something incorrect
in our analysis so far but that the constraints imposed by the ultraviolet structure of the
diagrams have not yet been considered.
To take them into account, let us exhaust the kinds of logarithms that can appear in
a generic two-loop diagram:
(i) Since there is at most one undierentiated propagator, there is at most one factor of
ln(Hu). Moreover, the H
 1
that appear in the upper limits of the conformal time inte-
grations cannot enter into a logarithmic argument. * For if the result of these integrations
contained a factor of ln(Hu), this would reect an increasing contribution as the upper
limit grows (H
 1
! 0). However, at `-loops the dimensionality of the generic integrand is




and this precludes the appearance of ln(Hu) in the answer.
(ii) Any two-loop graph has up to quadratic logarithmic ultraviolet divergences [4] which






u). The other available dimensionful parameter, H,
cannot enter the argument of the logarithm | in the form ln(H) | because ultraviolet
divergences are independent of the value of H.
To determine if a certain power of ln(Hu) can appear in the nal answer, we merely list







instance, it is obvious that ln(Hu) can be present | either directly or from ln(
 1
u) =
ln(Hu)   ln(H) | and so can ln
2




u) or ln(Hu) ln(
 1
u).
This is not the case, however, for ln
3
(Hu) which has to come from a term that simply




u). The latter assertion can be seen by utilizing ln(Hu) =
ln(
 1
H) + ln(u) and concentrating on the rst | and relevant | part. Then, the
undierentiated propagator | the source of the original ln(Hu) term | can be eectively
replaced by ln(
 1
H). The resulting diagram is one-loop (see Fig. 4) and cannot have the




u) that are required.
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Fig. 4: Upon replacing the logarithmic piece of the undierentiated propagator | in this case i(x
00
;x) |
with a constant, the corresponding piece of the two-loop diagram becomes one-loop.
The above argument establishes that ln
2
(Hu) is the maximum power that can emerge
in the 3-3-3 and 4-3 graphs. Notice that | unlike the case of the 3-3-3 diagrams | this
is in agreement with the power obtained by naively considering the infrared logarithmic
enhancement factors of the 4-3 diagram.
It is perhaps appropriate to mention at this stage that originally we computed only
the 3-3-3 graphs which we thought were dominant over all others. At rst, our results
indicated that there was indeed a net cubic logarithmic infrared enhancement. However,
after thoroughly checking the various steps of the computation, we discovered that the
various sub-pieces contributing cubic logarithms added up to zero | as we now know they
should. This meant that the 4-3 graph needed to be evaluated as well. We shall now turn
to the calculation of these two kinds of two-loop diagrams.
3. The 3{3{3 Diagrams
The 3-3-3 diagram consists of an outer 3-point vertex joined to two freely integrated








Fig. 5: The generic 3-3-3 diagram. The direction of the arrow indicates increasing physical time.
The xed vertex is taken to be at x

= (u; ~x), and we can identify the locations of the















One can form three dierences from these positions:
w




















The xed vertex is taken to be of \+" type, and there are obviously four \" variations
for the two free vertices. These variations have no eect until quite late in the reduction
process because they control only the overall sign of the diagram and the order  terms in





is outside the rather small past lightcone of x, we will make no error by extending the
















  i) ; ~r
0










































k , and the d's are conformal time dierences which depend







































  , + u
0











































































where the propagators i and 3-point vertices V
(3)
can be either graviton or, where ap-
propriate, ghost ones (see Fig. 2a-c). The overall factor of  is the one appearing in the

























































































































































and to identify as the \normal"

































We shall now discuss the 6-step reduction process of the diagrams. It was performed
using the symbolic manipulation computer program Mathematica [5]. The general idea is
to rst do the tensor algebra of the inner loop eciently, then fold-in the tensor algebra
of the outer loop and, nally, perform the integrations.
17
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Fig. 6: The tensor structure of the 3-3-3 diagrams. Gravitons reside on solid lines and ghosts on
segmented lines.













) ; act the inner derivatives. The latter can range in
number from zero to four since each vertex contains from zero to two derivatives. All
the tensor algebra was done with FeynCalc [6] loaded in Mathematica | there are eight
contractions in the case of the graviton inner loop (Fig. 6a) and four in the case of the
ghost inner loop (Fig. 6b). The diagram with the \mixed" inner loop (Fig. 6c) contains
solely ghost-graviton vertices which are simple enough to allow us to perform the complete
tensor algebra (steps 1-2) simultaneously.
The ghost-graviton vertex (A.5) needs no symmetrization because there are no identical





































) ; i = 1; :::; 10 ; (3:8)
and explicitly displayed in Table 2.


























































































































































On the other hand, in the gravitational 3-point vertex (A.2) we must account for the
indistinguishability of the gravitons. The most ecient way to do so is not by fully sym-
metrizing the vertex | which results in 81 separate terms | but by partially symmetrizing
19
it in the way shown in Fig. 7a. There is one external line and two internal ones associated
with each 3-point vertex of the inner loop. To begin with, we identify the line #1 as the
external one. Since the external graviton can be any of the three identical elds of the
cubic vertex, we then permute over these possibilities.


































































































There are 43 such operators (see Table 3) and this represents a considerable reduction from
the 81 terms the fully symmetrized version would possess. We still have the freedom to
pair the internal lines in two dierent ways and we must clearly sum over both (Fig. 7b).
20
21
Fig. 7: To include all graviton permutations eciently, we rst exhaust the three assignments for the
external line #1 (a), and then the two ways for pairing the internal lines #2, #3 (b).

























































































































































































































































































































































































































































































































for the \mixed" inner loop graph (Fig. 6c). Notice that the last graph has a total of
only 10
3
terms which | unlike the larger analogous totals of the rst two graphs | our
22
computer can handle in one step. The action of the various derivatives in (3.10-11) is
determined by their superscipt and subscript. The former indicates the relevant spacetime







acts on the x
0













along the inner leg number 2 of V
123
j




















What we contracted in this step of the calculation is the inner loop of diagrams (6a-b) or,
more precisely, the quantity between the large curly brackets in each of the expressions
(3.10). The result was a huge sum of 4-index objects multiplying scalar functions. The




, the square of the relative
distance y

and the scalar products y  @
0
1
, y  @
00
1
, t  @
0
1










term in the sum can have up to one extrenal derivative in free or contracted form. There
are 10 distinct possibilities for the external derivatives and they are shown in Table 4.
The rst case corresponds to no contracted derivatives (m = 1), the next four (m = 2; 3




respectively) and the last ve
(m = 6; :::; 10) to 2 contracted derivatives.
* The scalar products of t with w; y; z are conformal time dierences: t  w = u
0





t  z = u  u
00
, and have already been accounted for.
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Table 3: Partially symmetrized cubic pseudo-graviton vertex operators with vertex line #1















of the metric tensor 














m Contraction m Contraction
1 none 6 (x  @
1
) (x  @
2
)
2 x  @
1
7 (x  @
1
) (t  @
2
)
3 t  @
1
8 (t  @
1
) (x  @
2
)
4 x  @
2
9 (t  @
1
) (t  @
2
)






Table 4: The ten possibilities for external derivative contractions of the inner loop of Fig. 6a-b.
There are 79 distinct such objects and they can be found in Table 5. Terms with
no contracted derivatives can occur for three reasons: because no external derivatives
are present (A = 1; :::; 21), or because only one free external derivative is present and is
either at x
0
(A = 22; :::; 41) or x
00
(A = 42; :::; 61), or because two free external derivatives
are present (A = 62; :::; 79). On the other hand, terms with one contracted derivative
happen when only one contracted external derivative is present (A = 1; :::; 21), or when one
contracted external derivative and one free external derivative either at x
0
(A = 22; :::; 41)
or x
00
(A = 42; :::; 61) are present. Finally, terms with two contracted external derivatives
only occur for A = 1; :::; 21.








































































































































* The vertex structure [A.2-5] implies that at most one derivative acts on a line so that, in turn, at most



















































where the upper parenthesized index of the scalar coecient functions C
mA
denotes the
number and kind of contracted external derivatives present. For the diagramwith the ghost
inner loop we obtain an identical expression with dierent scalar coecient functions.
As an example, consider the symmetric graviton inner loop graph and choose the vertex








































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































2. Outer loop algebra: contract the inner loop result | in the form given between the
large curly brackets in (3.12) | onto the two outer propagators and the xed interaction
vertex at x

= (u; ~x) ; act the remaining derivatives. The nal answer for any of the 3-3-3














































For convenience, we arranged the output of our reduction process to generate the con-










































































For the example, we choose the xed vertex operator associated with i = 10 (see Table 3).








































































and the same becomes true of the corresponding contracted coecient functions:

10;41;41
(u) =  4 
10;41;41
(u) ; (3:16b)
so that it is sucient to compute only one of them. * After the contractions and the
action of the derivatives, we group all terms according to their logarithmic content. In this




;x) get dierentiated and














There are 77 dierent \logarithm free" terms and 96 \logarithmic" terms which must be





















































































All integrations were done on the computer by reduction to the set of basis integrals
displayed in Appendix B.



















































































































































































































































































































































Table 6: The complete list of the integrands I
nolog
n














































































































































































































































































































































































































































































Table 6: (continued from previous page)
Since at most one undierentiated propagator can survive, we can have either all 4 parts
\normal", or 3 parts \normal" and 1 \logarithm". The function P can only contain
positive powers of the inner products. We have eliminated spatial contractions in favour
of conformal time components, for example, ~a 
~




. We can also eliminate all
the cross terms by utilizing the identities:



































contributed by each of the four propagators and the iH
 2
contributed by each





































































































































































































































































































































































































































Table 7: The complete list of the integrands I
logy
n



































































































































































































































































































































































































































































336  624 + 288b








































































































































































































































































































































































































































(Hu) terms and of the b terms in the total.
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We have presented an example of how a combination of particular vertex operators
















































































cos part of y
2





























































































































































































































We can eliminate the logarithm that emerged from I





































* If a second logarithm has been introduced it can always be eliminated by a partial integration.
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5. Radial integrations. Since we have two contour integrations, there is | up to a
sign | an associated overall factor of 4
2
. Notice that although the logarithms are not
analytic, they can always be decomposed into functions which are analytic over either the










































































In the example, we rst perform the r
0
integration by closing the contour from above where









































































































integrand contains a piece that we must close from above in which case only the







































































































































































6. Conformal time integrations. One of these can always be done exactly. The re-


















































+ ::: : (3:29)
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Clearly only the rst term is relevant for the dominant infrared eect. Both integrations
have to be done for all \" variations and in each case we substitute in place of the d's
their appropriate values from Table 1.
When no logarithm is present in (3.27), contributions to the leading infrared eect of the
form ln
2
(Hu) occur only if each integration produces a logarithm. We rst decompose
by partial fractions on u
0
and perform the u
0
integration. The most general case will be
decomposed into the elementary integrals displayed in (B.1) and (B.3) times functions
which are independent of u
0
. The set (B.1) does give a logarithm while the set (B.3) does
not. We then decompose by partial fractions on u
00
and do the u
00
integration. Again
we obtain a set of elementary integrals which cover the generic case. Dominant infrared
enhancement terms appear when upon integrating over u
00
any of the (B.1) we get the
desired answer. The complete set of elementary integrals with this property is given in
(B.5).
The algorithm described above is optimal for the \++" and \  " variations. In dealing












































The integration procedure is identical, with v in the role of u
0
and v in that of u
00
. The
sets of elementary integrals corresponding to (B.1,3,5) are (B.2,4,6) respectively.
The procedure remains unaltered if a logarithm is present in (3.27). Its conformal time
dependence is of the form H(u
00




) = Hv (see Table 8). Contributions
of the form ln
2
(Hu) can now appear in two ways:
39
(i) as the result of integrating over u
00
the product of the original logarithm with any of
the (B.1) or (B.2) without generating a third logarithm. All such elementary integrals can
be found in (B.7) or (B.8) respectively.
(ii) as the result of integrating over u
00
the product of the original logarithm with any of
the (B.3) or (B.4) and, in the process, acquiring a second logarithm. There is only one


















  u) , H v H(u
00
  u)
  , + H v H v H v
+ ,   H v H v H v




  u) , H v H(u
00
  u)
Table 8: Conformal times dependence of the logarithm appearing after the radial integrations
for each kind of \" variation and undierentiated propagator.
Individual terms may lead to cubic logarithmic infrared enhancement but | as shown in
Section 2 | it always cancels when the total contribution on the vertex operator level is
considered. There is a unique way to obtain triple logarithms: we must start with one in
(3.24) and we must accumulate one with each successive integration. The basic integrals





(Hu) dependence are shown with the form (3.27) of the integral as starting point.
To proceed further with our example we choose the \++" vertex variation and substitute




































































































































































(or v). In all cases the basis integral(s) are indicated (see Appendix B).





























































































































































































































































(Hu) (+46) : (3:32b)
Notice that although individual contributions proportional to ln
3
(Hu) exist, their sum
vanishes as expected. The non-trivial way in which this happens (see Table 7, column 3)
provides a stringent test on the reduction procedure. The same is true for the cancellation
of the b dependent contributions to ln
3
(Hu) (see Table 7, column 4). The total result for
the example is the sum of (3.32a) with (3.32b) | see (3.16c).




























where the three numbers between the curly brackets refer to the 3-3-3 graphs of Fig. 6a,b,c







































The physical object is H
e































Therefore, the sign of a contribution to H
(333)
e
(t) is determined to a large extent by the
coecient 
333



































and in each case the sign is as expected: positive for the pure graviton diagram| reecting
the reduction of the vacuum energy due to the gravitational interactions | and negative
for the two diagrams involving ghosts | reecting the opposing eect the removal of
unphysical graviton modes entails. However, to determine the overall sign of the two-loop
correction to H
e
(t), we must include the contribution of the 4-3 diagram.
The two-loop result announced above has been subjected to a variety of tests:
(i) All individual terms contain at most one undierentiated propagator which never resides
on a ghost line.
(ii) All cubic logarithmic infrared enhancement contributions from individual integrations
cancel on the level of complete contributions from the vertex operators.
(iii) All contributions proportional to constant terms of the form ln2 and i cancel on the
level of complete contributions from the vertex operators.
(iv) Besides the method outlined above, all integrations were performed in a quite dierent
way with identical results.
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(v) The inner loop obeys the appropriate Ward identity [7].
(vi) The inner loop has a at space limit which agrees with the at space result obtained
by Capper [8] for the same quantity in what should be the same gauge [7].
Since some of these tests are quite severe we have developed a reasonable degree of con-
dence concerning our two-loop result (3.33). Nonetheless, calculations of this magnitude
should be veried independently before being trusted completely. *
4. The 4{3 Diagram
The 4-3 diagram consists of an outer 4-point vertex joined to a freely integrated 3-point
vertex. It has an obvious 3-fold symmetry, corresponding to permutations of lines 1, 2 and






































Fig. 9: The tensor structure of the 4-3 diagram.
In computing such a highly symmetric diagram it is not ecient to fully symmetrize
the vertex operators and then divide by the symmetry factor. The better strategy is to
symmetrize the 4-point vertex operator only on the external line, and then contract this
partially symmetrized vertex operator, through propagators, into the fully symmetrized
3-point vertex operator. In partially symmetrizing the quartic vertex operators we can
place lines 1, 2 and 3 any way.
* Copies of the computer programs employed and the intermediate expressions they generated are readily
available.
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Table 9: (continued from previous page)
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Table 9: (continued from previous page)
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Table 10: (continued from previous page)



























































These correspond to vertex operators i = 1 and i = 2 in Table 9. Note that derivatives on





















Of course (4.1) resulted in only two vertex operators because we took account of the double






. A typical self-interaction results in four vertex operators.











































































































These are vertex operators i = 127; :::; 130 in Table 9. Table 10 gives the fully symmetrized
cubic vertex operators. They were obtained by interchanging legs 2 and 3 from the Table 3,
but we have taken account of symmetries to reduce the 2 43 = 86 terms to only 81.
The unprimed vertex at x is \+" type but we must sum the primed vertex over both
\+" and \ " variations. Since the (++) and (+ ) propagators are identical for u
0
< u, the
relative minus sign between the two vertex assignments allows us to restrict the range of




. In this region the (+ ) propagator is the complex conjugate
of the (++) one, so we can write the total contribution of the 4-3 diagram as twice the

































































































































The subscripts i and j refer to Tables 9 and 10 respectively. Recall that where each
derivative acts is indicated by primes and subscripts. For example, the derivative @
3
in









acts on all u's in the vertex and the three propagators.
The entire calculation was performed by computer using Mathematica [5] and Feyn-
Calc [6]. The rst step was to contract each pair of vertex operators into the three internal






) and store the results for each pair of vertex operators. Selected
vertex pairs were computed by hand to check the procedure.



































































































































































































































































































































































































































































































































































































































































The neglected terms aect ultraviolet divergences but not the infrared terms of interest to
us.
The next step is to perform the spatial integrations. The angular integrations give
a factor of 4 and the radial integral was done by the method of contours. When no
















































































































(2N   4  k)!

























































































































































































































The nal step is to integrate over the conformal time of the free vertex. The integrand
always consists of a numerator | which may contain a pair of logarithms | and a de-
nominator | which contains up to two powers of u
0
, and up to seven powers of u
0
 u  i.
Decomposing the denominator by partial fractions results in four distinct terms requiring
special attention: (u
0







  u   i)
k
for k > 1. When the pair of























































































































=  2 ln(2) ln(Hu)   ln
2
(Hu)   i ln(Hu) + 2
h







































































































































































where (z; s; v) is the special function [9]:









and the arrow indicates the leading innitesimal  contributions. When no logarithms are


























































































  12 ln 2
i





























































































(Hu) ( 6) : (4:20)
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One factor of ln(Hu) comes from the invariant volume of the past light cone explored by
the free vertex at x
0
, the other comes from the increasing correlation of the free vacuum
as reected in the \logarithmic" term of the propagator. The results for the entire 4-3






































Since the single conformal time integration can be done exactly for small , we obtained
the complete answer. This should be contrasted with the 3-3-3 diagrams where this is
not the case with the double conformal time integrations and, therefore, only the leading
infrared term was obtained. ** For the 4-3 diagram, the leading term is given by the
















































































The sign is opposite to that of the contribution from the pure graviton 3-3-3 diagram of
Fig. 6a. The quartic pseudo-graviton coupling tends to stabilize the eect of the cubic
pseudo-graviton couplings present in the 3-3-3 diagram. The only relevant sign, of course,
is that coming from the sum of the \3-3-3" and \4-3" contributions.
* Copies of the computer programs employed and the intermediate expressions they generated are readily
available.
** The rst subleading terms can in principle be obtained from the asymptotic expansion | see, for instance

















































































































































































































































































Table 11: The nal results for the 4{3 diagram.
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5. Epilogue
The full answer is given by the sum of the contributions (3.35) from the 3-3-3 diagrams























It very clearly implies | for small physical times | a reduction of the expansion rate of






diagrams except the pure graviton 3-3-3 one of Fig. 6a provided negative coecients whose
sum, nonetheless, did not exceed the single positive coecient furnished by the diagram
of Fig. 6a.
Two points about the nal result deserve comment. First, the leading order terms of
all diagrams contain four powers of u
 1
, only two of which derive from the outer vertex.






































. The distinction is without
a dierence for  u, which is the regime of interest to us. However, note that the eect
disappears if one xes  and takes u to zero. This is because  is a mode cuto at the onset
of ination and we can always wait long enough for a mode whose physical wavelength is
initially   to decouple by red shifting beyond the Hubble radius.
Second, although both infrared and ultraviolet divergences are present in the diagrams,
none of the terms which carry factors of ln(Hu) become divergent as  vanishes. This can
be seen directly from the leading order results (3.33) of the 3-3-3 graphs and the complete
results of Table 11 for the 4-3 graph. It happens because infrared eects must decouple,
diagram-by-diagram, from primitive ultraviolet divergences. *
* In the case of the 4{3 diagram all the ultraviolet divergences are primitive because it
contains only a single free vertex.
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The closest analogy to our infrared eect comes from a massless scalar eld (x) with




in at spacetime. This is a renormalizable
eld theory and if we perturb around the background
b
(x) = 0 it exhibits an infrared
instability. The theory cures this instability by developing a mass. Now suppose we wish
to study the infrared behaviour of the expectation value of (x) in the presence of the

































and we see the simultaneous appearance of both infrared (t ! 1) and ultraviolet diver-







(t)  2 ln(t) ln() + ln
2
() : (5:3b)
In equation (5.3b), the second and third terms get cancelled by the counterterms that
absorb the overlapping and constant ultraviolet divergences to this order respectively. The
rst term is ultraviolet nite, unaected by subtractions, and responsible for the leading
infrared eect. It is very similar to the ln
2
(Hu) term in the gravitational case. Notice
that, although (5.3a) implies for small times a shift of the background from its initial value
b
(0; ~x) = 0, we cannot infer the decay to the stable background
b
(t; ~x) =  3g
 1
since




. Similarly, when the quantum








we are in the non-perturbative regime where our computational setup is inadequate.
It is quite dicult to estimate the strength of the higher loop corrections to (5.1).
However, we can show that (5.4) is an upper bound on the time needed to exit from





loops there are `-th order logarithmic ultraviolet innities. This implies that all orders of
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perturbation theory become strong at the same time (5.4). The estimate can be enhanced
by the presence of up to ` 1 undierentiated propagators. Although such an enhancement
did not occur at two loops, it is possible it does at higher loops. In the latter case, higher
loops become stronger before lower loops and the critical time is faster than (5.4).
Besides the obvious need to extend the analysis so that we can study the late time
behaviour of the eect, there is a perturbative issue which demands further study. It is
the case of a negative cosmological constant . The maximally symmetric background is
anti-de Sitter spacetime where we expect an even stronger infrared eect. It is the nite
time interval required to reach spatial innity that suggests this. Hence, access to an
arbitrarily large volume is much faster than in de Sitter spacetime.
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Appendix A
The gravitational interaction vertices of the theory are obtained from the following






























































This very convenient form was obtained from (1.1) after various partial integrations. Each
interaction term now contains at least one ordinary derivative. The pure dimension three
coupling canceled against the undierentiated terms from the covariant derivatives of the
dimension ve coupling. Such a cancellation | for which there is no scalar eld or at
space analog | is essential for classical stability [10] against growth of zero modes. An
interesting consequence is that the leading infrared eects cancel as well in the quantum
theory. However, the two couplings do not agree at subleading order, and there is still a
very strong quantum eect.
The two gravitational vertices needed to compute our two-loop dominant diagrams are







































































































































































































































































































































































































































































































































































































































































































































































































































In the above vertices all but the terms containing factors of t

agree with the at space
results [11] when we set 
 = 1 and regard  

as the usual graviton eld.
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Appendix B
The complete list of basis conformal time integrals used to extract the leading infrared
pieces of the 3-3-3 diagrams is presented here. The role of each set is described in the
relevant part of Section 3. We have used the symbol 7! to indicate that we kept only the
dominant, for our purposes, part of the answer.


























































































7!   ln(Hv) (B:2c)
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; a 2 Z
0
; a 6=  1 (B:4c)
III. When ln
2
























































































dv (v  u)
 1








dv (v  u)
 1








(Hu) appears by integrating the product of the original logarithm with





















































dv (v   u)
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dv (v   u)
 1


























dv (v + u)
a






























dv (v + u)
a
ln(Hv) ln[H(v + u)] (B:8g)






















dv (v   u)
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dv (v   u)
a
ln(Hv) ln[H(v + u)] (B:6j)




















(Hu) ; a  0
V. When ln
2
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dv (v   u)
 1
ln
2
(Hv) 7!
2
3
ln
2
(Hu) (B:10f)
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